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Abstract 

We evaluate the Uhlmann fidelity between two one-mode displaced thermal states as the max- 
imal probability transition between appropriate purifications of the given states. The optimal 
purifications defining the fidelity are proved to be two-mode displaced Gaussian states. 
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I. INTRODUCTION 



An important issue in quantum information theory is the ability to distinguish between 
different quantum states, either pure or mixed. Suppose we first deal with pure quantum 
states described by the state vectors and |^ 2 )- Geometrically a natural measure of their 
distinguishability is the angle between and or any simple function of this angle. 
Let us thus define the fidelity of the two pure states as the quantum-mechanical transition 
probability | (^il^) | 2 - The so defined fidelity is a measure of the "closeness" of two pure 
quantum states. It is 1 when the two states coincide and when they are orthogonal. 

If one of the states, say 2, is mixed we can still define fidelity on quantum-mechanical 
grounds as 

HPl,P2) = (*l|p2|*l)- (1-1) 

In Eq. (1.1), pi = and p 2 are the density operators of the two quantum states 

acting on a Hilbert space Ha- Both situations (pure states or at least a pure state) may be 
described by the formula 

F(p 1 ,p 2 ) = Tr(p lP2 ). (1.2) 

However, when the two states are mixed, Eq. (1.2) is unsatisfactory as a probability tran- 
sition and, consequently, as a fidelity. Indeed, by applying Eq. (1.2) to the case of mixed 
Pi = p 2 we get J-{pi-> pi) = Tr(pf) < 1, which contradicts the natural expectation that 
the fidelity of a state with itself is equal to 1. A new quantum-mechanical concept is thus 
necessary in order to define a fidelity between mixed states. The usefulness of such a concept 
is better seen in communication theory where one has to evaluate quantitative measures of 
the faithfulness the mixed states are transmitted within a quantum channel [1]. As a recent 
example, in the continuous-variable teleportation [2] the accuracy of the process is usually 
measured by the fidelity between the input and teleported states. 

In Ref.[3], Uhlmann introduced the fidelity between the mixed states p\ and p 2 as the max- 
imal quantum-mechanical transition probability between all purifications \^f pi ) and \^ P2 ) of 
the given states: 

HPuP2) :=max|(M/ pi |M/ p2 )| 2 . (1.3) 
The pure states |^ P1 ) and P2 ) are defined in an extended Hilbert space Ha®'Hb so that the 
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given states are their reductions over the ancillary Hilbert space Hb- Pi = TrB(\^ Pl )(^ Pl \) 
and p 2 = Tr B (\y p2 }{y p2 \). 

Also, Uhlmann has found that the distance D B between two density operators discovered 
by Bures [4] is related to the transition probability T via 

D 2 B ( Pl ,p 2 ) = 2[1 - V / ^WS- (1-4) 
The explicit formula for the Bures-Uhlmann transition probability is 

F( Pl , P2 ) = {^[(^VpT) 172 ]} 2 , (1-5) 

which simplifies to Eq. (1.2) when p x describes a pure state. 

In the framework of estimation theory, Braunstein and Caves [5] have defined a Rie- 
mannian metric on the space of density operators by generalizing the notion of statistical 
distance introduced by Wootters for pure states [6]. This metric was derived by imposing 
the optimal statistical distinguishability between neighboring quantum states. The statis- 
tical distance coincides, up to a 1/2 factor, with the Bures distance (1.4). Therefore the 
transition probability (1.5) has a sound interpretation in the geometry of mixed quantum 
states [7, 8]. 

Explicit expressions for the fidelity of mixed quantum states were first given by using 
Eq. (1.5) for finite dimensional cases. In two and three dimensions, the problem was solved 
by Hiibner in Refs.[9]. Evaluation of the fidelity in the infinite dimensional Hilbert space 
of the density operators is now of greatest importance due to the experimental interest in 
quantum information processing of field states [2]. Results in the continuous- variable case 
are only available for one- and two-mode Gausssian states. Especially useful in experiments, 
the Gaussian states are characterized by the exponential form of their density operators. All 
the explicit results concerning the fidelity between single-mode Gaussian states [10, 11] were 
obtained by exploiting the Bures-Uhlmann formula, Eq. (1.5). In recent years the Bures 
distance proved to be a reliable tool in quantifying nonclassicality (in the one-mode case 
[12]) and inseparability (for two-mode states [13]). The explicit formula of the fidelity was 
then used to quantify the faithfulness of teleportation for mixed one-mode Gaussian states 
through a Gaussian channel in Refs.[14, 15]. 

In the present paper we take advantage of previous results on fidelity in the one-mode 
Gaussian case and prove that the optimal purification in defining fidelity via Eq. (1.3) is a 
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two-mode Gaussian state. We apply the maximization procedure in Eq. (1.3) by conjecturing 
on the structure of the required purifications. Our point here is to prove that by this 
conjecture we recover the formula for one- mode fidelity given in Ref.[ll]. We choose to deal 
with the simplest displaced Gaussian states, namely the thermal coherent states (TCS's) in 
order to have just a one-parameter maximization problem. Our aim here is to present the 
novelty of the method rather than complicated analytic evaluations [16]. In Sec. II we recall 
the eigenvalue problem of the thermal density operator, write the general expansion for a 
Schmidt purification of TCS's and evaluate its characteristic function (CF). In deriving the 
fidelity between two TCS's in Sec. Ill we follow the principal line of reasoning given by 
Jozsa in the very clear paper [8]. Although his derivation is valid for a finite-dimensional 
Hilbert space of the density operators, we explicitly show that it may be extended to the 
case of Gaussian states. Our conclusions are drawn in Sec. IV. 



II. PURIFICATIONS OF A TCS 



A. Eigenvalue-problem for the thermal density operator 



The thermal density operator, 



Pt 



where 



n + 



n = 



m=0 



n 



n + 1 



\m) (m|, 



exp 



n -l 



(2.1) 



(2.2) 



is the mean occupancy at the temperature T, has a discrete, nondegenerate and positive 
spectrum of eigenvalues 



1 



-s J , s :- 



n 



, j = 0,1,2.. 



(2.3) 



n + 1 \n + 1, 

The corresponding orthonormal eigenvectors form the Fock basis in the space. We 
thus have 

Pt\j) = Vj\j)- (2-4) 

Subsequent unitary actions U on the thermal density operator, px — > p = UprU^, do not 
modify the spectrum of eigenvalues while the corresponding orthonormal system becomes 
{U\j)}- 



An example of unitary action on px is the displacement realized by the Weyl operator 
D(a) = exp (aa* — a* a) (a denotes the annihilation operator), 

p TC := D{a)p T D\a). (2.5) 

Equation (2.5) describes a TCS, namely a coherent state with thermal noise. A TCS is 
a classical mixed Gaussian state, having a well behaved P-representation for any values of 
the parameters a and T. 

B. Building purifications of a TCS 

We use the Schmidt polar form [8, 17] to build purifications lying in an extended (two- 
mode) Hilbert space ri e = ri®ri, where ri is the (single-mode) Hilbert space of the TCS's. 
Let |<3>) be a purification of p TC , Eq. (2.5), 

oo 

1$) = E V^D 1 (a)\n) <g> D 2 {f3)\n). (2.6) 

n=0 

|<3>) has the reduced mode 1 in the TCS with p TC = Di(a)p T D\(a) and the reduced mode 2 
in the TCS having the same temperature T but a different displacement (3. It is interesting 
to write down its characteristic function x(Ai,A2) defined as the expectation value of the 
displacement operator D(Xi, A 2 ) = Di(Ai)I?2(A2). We have 

X(A 1 ,A 2 ) = ($| J D(A 1 ,A 2 )|$). (2.7) 

By using Eq. (2.6), the CF (2.7) becomes 

oo 

x(Ai,A 2 )= J2 v / ^( m l^r 1 («)A(Ai)Pi(a)|n)(m|P 2 - 1 (/?)D 2 (A 2 ) J D 2 (/3)|n). (2.8) 

n,m=0 

In the above equations the subscripts 1 and 2 denote the two reduced modes. We need now 
to recall several properties of the displacement operators [18]: 

1. the multiplication law of the Heisenberg-Weyl group 

D(a)D(P) = exp [ha/3* - a*[3)] D(a + (3). (2.9) 

2. the matrix elements in the Fock basis 

<k\D(m>= (^) 1/2 ^exp(-^)Lf" Z) (|/3| 2 ), (2.10) 
where Lf' 1 * 1 is a Laguerre polynomial. 
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Application of these properties to Eq. (2.8) leads us to the double summation 



x(Ai,A 2 ) = exp 



Uil 2 |A 2 | 2 



+ Aia* - \{a + A 2 /T - \* 2 (3 



1 00 r>' 

U + 1 n,m=0 m - 

The summation with respect to n is carried out by employing an important bilinear series 
involving Laguerre polynomials [19]. As a result of the summation with respect to m, we 
are then left with the generating function of the Laguerre polynomials [19]. Finally the CF 
of the purification [<£>) reads 



x(Ai,A 2 ) = exp 



-in + \){\\i\ 2 + |A 2 | 2 ) + yjn(n + 1)(A X A 2 + A*A^) 



x exp [Aia* - Aid; + A 2 /3* - \* 2 f3]. 



(2.12) 



Equation (2.12) is the CF of a two-mode Gaussian state having the displacement parameters 
a (mode 1) and (3 (mode 2), respectively. The covariance matrix of this state can be easily 
written by examining the undisplaced part of its CF (first line of the right-hand side of Eq. 
(2.12)). We get 



V = 



n + 





n + 



\Jn(n + 1) 




-\Jn(n + 1) 



n +2 








-\Jn(n + 1) 


n+ i 



(2.13) 



/ 



It is easy to verify that the covariance matrix (2.13) describes a symmetric state having 
det(V) = 1/16 as expected for a pure two-mode Gaussian state. 



III. FIDELITY 

We evaluate now the fidelity between two TCS's with the density operators pj) c = 
D(o>i) p Tl D\a>i) and p^c = D(a 2 )pT 2 D J< (a2) corresponding to the temperatures 7\ and 
T 2 and having the displacement parameters ol\ and a 2 , respectively. Let |$^) be a specified 
purification of pj) c defined by its CF 



X ( / )(A 1 ,A 2 )=exp 



(ni + ^)(|Ai| 2 + |A 2 | 2 ) + + l)(AiA 2 + A*A^) + X ± al - Afci 



(3.1) 



6 



According to Eq. (2.12), the two-mode Gaussian state |$( 7 )) has the reduced mode 1 in the 
TCS Pre and the reduced mode 2 in a thermal state at the same 7\ temperature. To handle 
Eq. (1.3), we keep fixed the purification |$^) and show that there exists a purification 
\¥ H ^) of the state Pre which realizes the maximimum of the transition probability such 
that 

\(M I W I) )? = HP^PW)- (3.2) 

Let us now conjecture that the optimal purification \& H ^) belongs to the set of states 
{|<3> (//) )} having the CF of the general type, Eq. (2.12): 

X (//) (Ai,A 2 ) = exp [-(n 2 + ^(N 2 + |A 2 | 2 ) + ^n 2 (n 2 + l)(AxA 2 + A*A*) 

xexp[Aia;-AJa 2 + A 2 /3*-A;/3]. (3.3) 

This purification has the reduced mode 1 in the state Pre ■> while the density operator of the 
second reduced system describes a TCS as well: p' TC = D(/3)pr 2 D'((3). 

The transition probability between the purifications and |$^) can be found by 

using their CF's, Eqs. (3.1) and (3.3): 

= 1_J d 2 A!d 2 A 2 x (/) (Ai,A 2 ) (x {II \Xi, A 2 ))*. (3.4) 



This is a Gaussian integral of the type solved in the Appendix A of Ref.[20]. We easily 
obtain the transition probability 

1 



|($(')|$("))p 



[^(ni + ^^ + i)- v^m? 2 

xexp(- j + ^ pj 2 + K-c* 2 i 2 ]} 

x exp J v^+vg ^ _ Qi) + _ al)] \ (3 5) 

1 1 - VsTs^ J 

In Eq. (3.5) we used the notations Si = n\j{n\ + 1) and s 2 = n 2 /(n 2 + 1). Now we have to 
maximize (3.5) with respect to the coherent amplitude (5. An elementary calculation gives 
us the displacement parameter (3 that realizes the maximum of the transition probability 

^^|(a;-4 (3.6) 

Interestingly, the optimal coherent amplitude (3 depends on both temperatures in a nontrivial 
way. When Ti = T 2 , (3 is still temperature-dependent. By inserting (3 in Eq. (3.5) we get 



the Bures-Uhlmann transition probability (fidelity) between the mixed states p^c and p^c 

F(Ptc , Pre ) = F (Ptx , Pt 2 ) ex.pl- ] ai _° 2 j ) , (3.7) 



ni + n 2 



where 



Hpt^Pt*) ■= 7= =^= (3.8) 

[^/(ni + l)(n 2 + l)- v^lli] 2 

is the fidelity between the thermal states corresponding to the temperatures 7i and T 2 . 

Equation (3.7) is in agreement with the previous results of Paraoanu and Scutaru [11]. In 

this way we have determined not only the fidelity but also the most parallel pure entangled 

states which satisfy the requirement of having the mixed states p^p c and p^c as reduced 

states. 



IV. CONCLUSIONS 



To conclude, in this paper we have given an example of evaluation of the transition 
probability between two mixed Gaussian states by applying explicitly the concepts of Bures 
and Uhlmann about the distance between density operators. We succeeded to determine 
the most parallel two-mode states having the single-mode subsystems described by p^p c and 
Ptc ■ The principal result of our paper is stated here: finding a full agreement between 
the expression of the fidelity obtained via Eq. (1.5) [11], and via Eq. (1.3) (present work) it 
follows that the optimal purifications in defining the probability of transition between mixed 
Gaussian states are also Gaussian [16]. It is also remarkable that, by avoiding to apply the 
general formula (1.5), we have reached the result (3.7) by straightforward elementary 
analytic means. 
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